The other derivative may be developed as

follows:
fe] [ OR(r, 6) ] 2%
— = =
)3 o

ot 0x0ot

dvov 9 ( av)
=——a —| v—
otox ot ox

(A-9)

For stationary turbulence the Eulerian
space derivative is not a function of time,
$0

o*R(r, 9) ov ov (A-10)
et o Ot O i
Combining Equations (A-5), (A-7),

(A-8), and (A-10) and noting that Equa-
tion (A-1) may be used to eliminate the
trigonometric functions one obtains

T ov\?*
Ro(r,0) =1 ——=| V*{ —
207 X

2V-$§D (30 )"‘]
+ ox _B; + ct e
(A-11)

For the special case of 8, where V = U,
Equation (A-11) becomes

RU(E’ T)él—v =1

1 , [ovY? ov ov
20* ox ox Ot

()]
+ > =+ ...
When one recalls Burger's approximation

of the Lagrangian derivative
do ov ov

(A-12)

— = U— A-13
dt ot + ox ( )
or
( dv )2 ( ov )2
— J=U —
dt ox
2Uau o (au)’f (A-130)
+ ox €t+ 5 e

Substituting Equation (A-13¢) into (A-12)
and assuming the approximate equivalence
of single-particle time averages to two-
particle space averages one gets

v [dv\?
Ro(E&, 1) =] ——= (——-)
IE:U'r 20° dt +
(A-14)
Or letting v* == v°, one gets the desired
relation:
R.(E, )] , = R(t) (A-15)
. i=vr

Equation (A-13) verifies the remark that
to the same approximation as Equation
(A-13) the general Eulerian correlation
along & == Ux will approach the true La-
grangian correlation coeflicient in a homo-
geneous, isotropic, and stationary turbu-
lence.

Physically R.(E, )]

£=UT

the Eulerian autocorrelation as measured
by a fixed probe in a hypothetical box of
turbulence which is homogeneous, iso-
tropic, and stationary. Bass (40) has given
a theoretical development for Eulerian
space-time correlations which is compara-
ble to that of Kdrman and Howarth (5)
for the more familiar case of FEulerian
space correlations.

corresponds to

A Modification of the Momentum Transport

Hypothesis

WILLIAM N. GILL and MARVIN SCHER

A continuous velocity distribution is derived which is based on an arbitrary modification of
Prandtl’s mixing length expression. The resulting velocity distribution agrees well with experi-
ments for transition and fully developed turbulent flow throughout the entire cross section of the
conduit. Furthermore the mixing length expression applies to parallel flow in smooth circular
tubes and between infinite parallel plates with the sume set of constants,

Prandtl’s famous momentum trans-
port hypothesis has been successful in
predicting velocity distributions in the
turbulent core of bounded or conduit
flow. Usually velocity distribution ex-
pressions derived on the: basis of this
hypothesis neglect the shear stress
variation across the conduit, the mo-
lecular viscosity term, and more im-
portant the viscous dampening effect
of the wall on eddy properties near the
wall. Van Driest (15) considered vis-
cous dampening to be an exponential
function of the distance from the wall
and showed how this dampening is in-
fluenced by surface roughness. How-
ever the extent of viscous dampening
has been clearly demonstrated by the
experimental work of Sage and co-
workers (I, 8, 9) to be a function of
the Reynolds number and has not
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been successfully explained except on
an empirical basis by Rothfus and
Monrad (11}. Consequently a deriva-
tion of the generalized velocity distri-
bution expression is needed which ac-
counts for the previously mentioned
effects within the framework of
Prandtl's hypothesis. The following
treatment has several advantages over
existing velocity distribution expres-
sions which are:

1. A single continuous function rep-
resents the velocity distribution from
the wall to the center of the channel
for both flat plates and circular tubes.

2. A zero velocity gradient at the
center of the channel is obtained.

3. The Reynolds number effect on
the velocity distribution is accounted
for and will be seen to be most pro-
nounced in the transition flow region.

A.1.Ch.E. Journal

Syracuse University, Syracuse, New York

4. The velocity distribution reduces
to the Hagen-Poiseuille equation at
Nr. = 1,800 for circular tubes and at
Ng, = 4,800 for flat plates.

It has been shown that eddy proper-
ties very near a solid boundary may be
more precisely determined from heat
and mass transfer measurements at
high Schmidt or Prandtl numbers than
by velocity distribution studies (3, 5,
10). However this discussion is in-
tended only to describe these approxi-
mately in the immediate vicinity of the
wall and at the same time resolve the
apparent discrepancies between turbu-
lent transition flow in tubes and be-
tween parallel plates which have been
observed as a result of careful meas-
urements. Velocity distribution ex-
plorations by Deissler (2) and Laufer
(4) for turbulent flow in tubes and
between flat plates indicate a single
valued relation between «* and y* over
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Fig. 1. Velocity distribution between smooth infinite parallel

plates with Nz as parameter.

the entire Reynolds number range in-
vestigated. In contrast the results ob-
tained by Sage et al. (I, 8, 9), for
parallel plates show a definite Reyn-
olds number effect in the transition
region up to Reynolds number of ap-
proximately 30,000, The effect ob-
served by Sage can be explained by
considering that the wall inhibits or
dampens turbulence and that the depth
of penetration of this dampening effect
into the stream depends on the Reyn-
olds number. At low N, the dampen-
ing can be effective throughout the en-
tire channel, but as N;, increases the
region influenced is confined to dis-
tances from the wall on the order of
y* = 60.

MODIFICATION OF THE MIXING
LENGTH

The time average turbulent shear
stress p w'v’ combined with the molecu-
lar shear stress gives, after introduction
of the Prandtl mixing length

Prandtl reasoned that I = ky; however
this assumption leads to irreconcilable
differences between experiment and
theory in the vicinity of the wall, and
it has been customary to apply the re-
sults only in the turbulent core where
y* > 26. However the transition veloc-
ity profiles of Sage et al. indicate that
the results agree with experiment only
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at Reynolds numbers above approxi-
mately 30,000 even in the central por-
tion of the conduit. It is proposed to
account for these deviations in terms
of a wall dampening effect on the mix-
ing length which is a function of Ne..
Therefore the following mixing length
expression is assumed:

y

(i
l=ky\l—e ¥
(2)
where
N#*,.—a

e

and
N”ﬂﬁ = ymu“P = y+m
IU.

Correspondingly the eddy diffusivity
expression in dimensionless form is

given by

y*2
— - 2 d +
e/v=k¢y+2(1—6 ym) d:+
(3)

The experimental data of Senecal (I14)
indicate that the Hagen-Poiseuille
equation describes flow in tubes well
up to Reynolds number of approxi-
mately 1,800. Therefore it will be as-
sumed that eddy effects are completely
damped out at this value which re-
y+
quires that (1 —e ¢y*m ) vanish for all
y* values. This is conveniently accom-
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Fig. 2. Velocity distribution in smooth circular tubes with

N=z. as parameter.

plished by setting the constant a equal
to 60 which for tubes corresponds to
y*m for Nz. equal to 1,800. The con-
stant b must be determined from ex-
perimental data and was found to be
equal to 22 to obtain good agreement
with the data of Nikuradse (7), and
Deissler (2), in the higher N,. range.
This constant may be considered as a
measure of the depth of penetration of
viscous dampening into the stream due
to the wall. In accordance with Deis-
sler (2) k was taken to be 0.36.

DERIVATION OF THE GENERALIZED
VELOCITY DISTRIBUTION

When one divides Equation (1) by
the shear stress at the wall and em-
ploys the linear variation of shear
stress with position, the result com-
bined with Equation (3) yields

y+z |
(o)
k2y+2 1___8 YFtm

( du+ )2+ du+ B 1 y+ (4)
dy dy Y

For convenience let

y+2 2
c= kzy*”( I—e Rz )

d=1-2
y m
and it is seen that Equation (4) is
obviously a quadratic equation in
du'/dy* and may be solved to give
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— 141+ 4cd
i (5)
Yy 2c

where the positive sign for the radical
was chosen so that du'/dy* is always
positive. Integrating one obtains

v — 14+ 1+ 4ded
u+'=J.O 2c dy+ (6)

RESULTS

The results of the numerical inte-
gration of Equation (6) are given in
Figures 1 and 2 for infinite parallel
plates, and smooth circular tubes, re-
spectively. Figure 1 indicates rather
remarkable agreement with the ex-
perimental results of Sage et al. (I, 8,
9). Some experimental values at Nz, =
6,960 have been plotted for compari-
son, and Sage’s data at higher Na,
converge in the same manner as the
analytical results. It is seen that for
low Nz, the distributions differ mark-
edly from the logarithmic expressions
of Deissler (2) and Nikuradse (7),
but the distributions converge to val-
ues between their expressions for N,
above 25,000. Also near the center of
the channel the velocity profile flattens
owing to the linear shear stress distri-
bution. As seen in Figure 2 the Nz,
effect is much less pronounced for
tubes, and the velocity distributions
converge more rapidly. The differences
between the results for the two con-
figurations arises from ¢, since y*. may
be obtained for tubes as

NEe —_—
Ym = 5 V§/2

and for plates by
. Nl?.e Pum—

The asymptotic behavior of Equa-
tion (6) deserves some consideration,
and for this purpose Equation (6) can
be rearranged to the more convenient
form

ut = j.l: d

1+ 4ed
1/2+l/__.+__c_

dy (7)

For very small values of y*, ¢ =~ 0, and
d =~ 1. Therefore Equation (7) re-
duces to

ut = y+

At reasonably high N, and y* on the
order of 60 or more the integrand of

Equation (7) reduces to \/d/c which
leads to the velocity deficiency relation

1. 14+V1—y/y
- I
k. 1—V1—y'/yn
VYol. 7, No. 1

2
—_— l__ + +m
k\/ Y’y

If the variation in shear stress is neg-
lected (d = 1), the logarithmic distri-
bution results in

+

ut = = Iny* + constant

These asymptotic results are, of course,
those that would be expected.

Recently Lynn (6) commented on
an article by Rothfus, Archer, and
Sikchi (12) regarding eddy diffusivity
distributions and indicated that e/v
near the center of a channel was not
zero. Combining Equations (3) and
(5) one can see that the eddy diffusiv-
ity is given by the well-defined expres-
sion

— 141+ 4cd
2

Therefore on the basis of Equation (8),
for fully developed channel flow where
the shear stress is linear in the radius,
e/v is predicted to be zero at the
center line. This discrepancy between
Prandtl’s theory and experiment, where
velocity gradients become zero, was
recognized by Prandtl as well, and in
1942 he proposed an alternate expres-
sion for the eddy diffusivity (13)
which however complicates the calcu-
lation considerably and will not be
considered here.

(8)

/v =

CONCLUSIONS

If the mixing length is assumed to
be a function of both the Reynolds
number and the distance from the
wall, a continuous velocity distribution
may be derived which is applicable to
turbulent flow in smooth circular tubes
and between infinite parallel plates.
Furthermore the resulting expression

converges to the Hagen-Poiseuille
equation at appropriate Reynolds
numbers and therefore represents

transition flow for both configurations.
In contrast to previously proposed uni-
versal velocity distributions it is not
necessary to subdivide the flow in
separate regions, and therefore this ap-
proach presents a physically more
realistic model.
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NOTATION

a = dimensionless constant equal
to 60

b = dimensionless constant equal
to 22

A.L.Ch.E. Journdl

d, = equivalent diameter (L)

f = fanning friction factor

k = dimensionless constant equal
to 0.36

l = Prandt! mixing length (L)

U = bulk mean velocity (L§*)

u,0 = time average x and y compo-
nents of velocity (1.§™)

v, = fluctuating x and y compo-
nents of velocity (L§7)

u’ = dimensionless velocity pa-
rameter

u® = friction velocity (u/\/7./p)
(L)

y = distance from the wall (L)

y = dimensionless distance pa-

rameter (u*yp/p)

Dimensionless Groups

Nze = Reynolds number (Ud.s/p)
Subscripts

m = maximum

: == turbulent

0 = wall value

Greek Letters

€ = eddy viscosity (ML)

B = molecular viscosity (ML™
6)

p = density (ML™)

v = kinematic viscosity (L®67)

= shear stress (ML™§7%)
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